This paper describes new approaches to improve the local and global approximation (matching) and modeling capability of Takagi-Sugeno (T-S) fuzzy model. The main aim is obtaining high function approximation accuracy and fast convergence. The main problem encountered is that T-S identification method cannot be applied when the membership functions are overlapped by pairs. This restricts the application of the T-S method because this type of membership function has been widely used during the last 2 decades in the stability, controller design of fuzzy systems and is popular in industrial control applications. The approach developed here can be considered as a generalized versión of T-S identification method with optimized performance in approximating nonlinear functions. We propose a noniterative method through weighting of parameters approach and an iterative algorithm by applying the extended Kalman filter, based on the same idea of parameters' weighting. We show that the Kalman filter is an effective tool in the identification of T-S fuzzy model. A fuzzy controller based linear quadratic regulator is proposed in order to show the effectiveness of the estimation method developed here in control applications. An illustrative example of an inverted pendulum is chosen to evalúate the robustness and remarkable performance of the proposed method locally and globally in comparison with the original T-S model. Simulation results indicate the potential, simplicity and generality of the algorithm. An illustrative example is chosen to evalúate the robustness. In this paper, we prove that these algorithms converge very fast, thereby making them very practical to use. Copyright
INTRODUCTION
Nonlinear control systems based on the Takagi-Sugeno (T-S) fuzzy model [1] have attracted lots of attention during the last 20 years (e.g., see [2] [3] [4] [5] [6] [7] . It provides a powerful solution for the development of function approximation, systematic techniques to stability analysis and controller design of fuzzy control systems in view of a fruitful conventional control theory and techniques. They also allow relatively easy application of powerful learning techniques for their identification from data. This model is formed by using a set of fuzzy rules to represent a nonlinear system as a set of local affine models which are connected by fuzzy membership functions. This fuzzy modeling method presents an alternative technique to represent complex nonlinear systems [8] and reduces the number of rules in modeling higher order nonlinear systems [1] and [2] , Some papers focus on the proof of the universal approximation property of the T-S fuzzy models as they are able to approximate any smooth nonlinear functions to any degree of accuracy in any *Correspondence to: Basil M. Al-Hadithi, Intelligent Control Group, Universidad Politécnica de Madrid, José Gutiérrez Abascal 2, E-28006 Madrid, Spain. ^E-mail: basil@etsii.upm.es Great attention has been paid to the identification of the T-S fuzzy models and several results have been obtained [19] , [9] , and [20] . They are based upon two kinds of approaches, one is to linearize the original nonlinear system in various operating points when the model of the system is known, and the other is based on the input-output data collected from the original nonlinear system when its model is unknown. The authors in [19] use a fuzzy clustering method to identify the T-S fuzzy models, including identification of the number of fuzzy rules and parameters of fuzzy membership functions and identification of parameters of local linear models by using a least squares method [21] . The goal is to minimize the error between the T-S fuzzy models and the corresponding original nonlinear systems.
In [22] , Klawonn et al. explained how fuzzy clustering techniques could be applied to design a fuzzy controller (FC) from the training data. In [23] , Hong and Lee have analyzed that the disadvantages of most fuzzy systems are that the membership functions and fuzzy rules should be predefined to map numerical data into linguistic terms and to make fuzzy reasoning work. They suggested a method based on the fuzzy clustering technique and the decisión tables to derive membership functions and fuzzy rules from numerical data. However, Hong and Lee's algorithm presented in [23] needs to predefine the membership functions of the input linguistic variables and it simplifies fuzzy rules by a series of merge operations. As the number of variables becomes larger, the decisión table will grow tremendously and the process of the rule simplification based on the decisión tables becomes more complicated. The authors in [9] suggest a method to identify the T-S fuzzy models. Their method aims at improving the local and global approximation of the T-S model. However, this complicates the approximation in order to obtain both targets. It has been shown that constrained and regularized identification methods may improve interpretability of constituent local models as local linearizations, and locally weighted least squares method may explicitly address the trade-off between the local and global accuracy of the T-S fuzzy models.
In [21] , a new method of interval fuzzy model identification was developed. The method combines a fuzzy identification methodology with some ideas from linear programming theory. The idea is then extended to modeling the optimal lower and upper bound functions that define the band which contains all the measurement valúes. The method can be efficiently used in the case of the approximation of the nonlinear functions family.
In [24] , a new approach to fuzzy modeling using the relevance vector learning mechanism (RVM) based on a kernel-based Bayesian estimation is introduced. The main concern is to find the best structure of the T-S fuzzy model for modeling nonlinear dynamic systems with measurement error. The number of rules and the parameter valúes of membership functions can be found as optimizing the marginal likelihood of the RVM in the proposed Fuzzy Inference System (FIS). Because the RVM is not necessary to satisfy Mercer's condition, selection of kernel function is beyond the limit of the positive definite continuous symmetric function of Support Vector Machine (SVM). The relaxed condition of kernel function can satisfy various types of membership functions in fuzzy model.
In [25] , the authors suggest a transformation method that offers a trade-off between the modeling complexity and accuracy of the T-S fuzzy model. The suggested transformation method is aimed at finding the minimal number of fuzzy rules for a given accuracy of a given T-S fuzzy model. Optimization of the approximation trade-off is conceptually obtained by the discarding of those rules, which have weak or no contribution at all to the output.
Interpolation is an important subject for reducing dense rule bases as well for deriving useful information from sparse ones. In [11] , the authors show that rule interpolation helps in reducing the identification complexity as it allows rule bases with gaps. It is suggested that only the minimal necessary number of rules remain which contain the essential information, and all other rules are replaced by the interpolation algorithm.
The approach proposed in [11] has some drawbacks such as subnormal conclusión for certain configuration of the involved fuzzy sets and does not always lead to interpretable fuzzy membership functions. In [26] , a new technique for fuzzy rule interpolation was investigated. The aim is to combine the advantageous computational behavior of [11] and at the same time reduces the disadvantage of subnormality.
In spite of its advantageous properties in various approximation aspects and in complexity reduction, it was shown that a-cut distance based fuzzy rule base interpolation has some essential deficiencies, for instance, it does not always result in immediately interpretable fuzzy membership functions. In [27] , an approach is presented to get rid of these disadvantages. It is based on the interpolation of relations instead of interpolating a-cut distances and which offers a way to derive a family of interpolation methods capable of eliminating some typical deficiencies of fuzzy rule interpolation techniques.
In [28] , a generalized versión of the previous Cartesian approach [29] for interpolating fuzzy rules of membership functions with finite number of characteristic points is presented. Instead of representing membership functions as points in Cartesian spaces, they now become elements in the space of square, integrable function. Interpolation is thus made between the antecedent and consequent function spaces. The generalized representation allows an extended class of membership functions satisfying two monotonicity conditions to be accommodated in the interpolation process.
In [1] , the authors develop an interesting method to identify nonlinear systems using input-output data. They divide the identification process in three steps; premise variables, membership functions, and consequent parameters. With respect to the membership functions, they apply nonlinear programming technique using the complex method for the minimization of the performance index.
In [30] , a study has outlined a new min-max approach to the fuzzy clustering, estimation, and identification with uncertain data. The proposed approach minimizes the worst-case effect of data uncertainties and modeling errors on estimation performance without making any statistical assumption and requiring a priori knowledge of uncertainties.
Several methods are used to deal with the problem of optimizing membership functions, which are either derivative-based or derivative-free methods. The derivative free approaches are desirable because they are more robust than derivative-based methods with respect to finding global minimum and with respect to a wide range of objective function and Membership Functions (MFs) types. The main drawback is that they converge more slowly than derivative-based techniques [31] .
On the other hand, derivative-based methods tend to converge to local minimums. In addition, they are limited to specific objective functions and types of inference and MFs. The most common approaches are: gradient descent [32] , least squares [21] , back propagation [33] , and Kalman filtering [34] , [35] .
Kalman filter, is a powerful mathematical tool for stochastic estimation from noisy environment. It has various applications in optimizing fuzzy systems. For example, it has been used to extract fuzzy rules from a given rule base [36] and to optimize the output function parameters of the T-S fuzzy systems. Fuzzy logic has been used to compute the gains of a bank of parallel Kalman filters in order to combine their outputs [37] . The fuzzy logic has also been used to tune the parameters of the Kalman filter [38] .
The use of the Kalman filter training to optimize the MFs of a fuzzy system was introduced by Simón [34] for motor winding current estimation. The used MFs were assumed as symmetric triangular forms. The Kalman filter training was extended to asymmetric triangles in [35] , and a matrix was defined relating the parameters of the MFs together based on the sum-normality conditions, then projecting this matrix in each iteration of optimization to constrain the MFs to sum normal types.
Because the derivatives of the functions are used in Kalman filtering, it is limited to special type of MFs because of complicated and time consuming calculations. So far only triangular types are optimized for both inputs and outputs of an Fuzzy Logic Controller (FLC) [34, 35] .
As we will demónstrate in this article, the T-S model cannot be applied when the membership functions are overlapped by pairs. The methods presented here are characterized by the high accuracy obtained in approximating nonlinear systems locally and globally in comparison with the original T-S model.
The rest of the paper is organized as follows. Section 2 recalls the estimation of the T-S fuzzy model. Section 3 introduces restrictions of the T-S identification method. In Section 4, the proposed noniterative approach is explained. The proposed iterative approach by applying extended Kalman filter is explained in Section 5. In Section 6, the design of an optimal controller based on the proposed estimation method is detailed. Section 7 entails an example of an inverted pendulum to demónstrate the validity of the proposed approach. The results show that the proposed approach is less conservative than those based on (standard) the T-S model and illustrate the utility of the proposed approach in comparison with the T-S model. The conclusions of the effectiveness and validity of the proposed approach are explained in Section 8.
ESTIMATION OF THE FUZZY T-S MODEL'S PARAMETERS
An interesting method of Identification is presented in [1] . The idea is based on estimating the nonlinear system parameters minimizing a quadratic performance index. The method is based on the identification of functions of the following form:
Each IF-THEN rule R llln , for an nth order system can be written as follows:
where the fuzzy estimation of the output is:
where, ... pi 1 -
oín.
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If X is a matrix of full rank, the solution is obtained as follows:
RESTRICTIONS OF THE T-S IDENTIFICATION METHOD
The method proposed in [1] arises serious problems as it cannot be applied in the most common case where the membership functions are those shown in Figure 1 . The membership functions ftifc) = ,' I*' and «.¿2te) = l' Z"J are defined in an interval [ÜÍ, bi] which should verify:
For this case which is widely used, it can be easily demonstrated [39] that the matrix X is not of full rank and therefore X T X is not invertible, which makes the mentioned method of T-S invalid. This result can be easily proven as follows:
Supposing that it exists:
in which each row of the matrix X is of the form:
verifying that:
The rank of X in this case is 3. In other words, the columns of X are linearly dependent which in turn makes impossible the use of the aforementioned identification method proposed in [1] , Analyzing another example of two variables:
Each row of the matrix X is of the form:
It can be noticed that the columns 1, 3, 4, and 6 have the same form as in the previous example multiplied by a constant ¡i\\ and therefore, they are linearly dependent as well. The same thing happens with the columns 6, 9, 10,12, and so on. In fact, the rank of the matrix in this case is 8. The solution proposed in [1] avoids the occurrence of this situation. In order to identify a function in the interval [a¡, b¡] using the T-S method, certain intermedíate points are chosen of the form: ¿¿] and they use membership functions which verify:
and thus:
IMi(a*) = 0 ii i2 (bi) = 1 which impedes that the domains of these functions being overlapped and therefore it can be observed that, except for some isolated points,
and thus, in general, the matrix X will be of full rank and the method is applicable. This solution can be clearly seen in [1] where the authors find the optimum membership functions minimizing the performance index and reducing the problem to a nonlinear programming one. For this reason, they use the well-known complex method for the minimization. This can obviously be observed in the illustrative examples selected by the authors in [1] where all the identified memberships are nonoverlapping ones.
NONITERATIVE APPROACH
The restriction of the T-S identification method for the case presented in the previous section does not mean the nonexistence of solutions rather than an incentive for their search. As it has been seen, the problem comes from the fact that the solution should fulfil:
But as it was shown earlier, the columns of the matrix X are linearly dependent and consequently X'X is not an invertible matrix, therefore it is impossible to calcúlate P through:
Nevertheless, as the rows of X' are linearly dependent, the independent term in (11) X'Y will have the same dependence among its rows and thereupon, the rank of the system matrix will be the same as the rank of the extended matrix with the independent term.
rank (X'X) = rank(X'X\X'Y)
And so, the system has a solution. In other words, the system is a compatible indeterminate one, that is, if P is a solution of (11) and K belongs to the Kernel of X'X,
KeKeriX'X)
then P * = P + K will also be a solution. Therefore, the problem is not the lack of a solution rather, the existence of infinite solutions and the key idea is the ability to find one of them. Several proposals can be made to select a solution. In our case, the aim is to find solutions with lower norm.
Parameters' weighting method
An effective approach with few computational effort, based on the well known parameters' weighting method, is proposed. The main target is to improve the choice of the performance index and minimize it. It is characterized by extending the objective function by including a weighting y of the norm of P vector. This can be rewritten as foliows:
J = J2(yk-nf
Now, the extended matrix X a is of full rank, and the vector P can be computed as:
Obviously, the solution that minimizes this index is not optimum. However, for a small valué of y , it will be cióse to the optimum one and it will be unique as well.
The weighting of y does not need to have a unique valué, rather than some valúes can be weighted more than others to choose the most suitable one.
where T is a diagonal matrix formed by the valúes y 2 which should necessarliy have a valué other than zero to guarantee that the extended matrix is invertible.
Parameters tuning using the parameters' weighting method
The parameters' weighting method can also be used for parameters tuning of the T-S model from local parameters obtained through the identification of a system in an operating región or from any physical input/output data.
We suppose that in this case, we have a first estimation M) -LPo P\ ?2 • • • Pn\ of the T-S model parameters. In order to obtain such an estimation, the classical least square method can be used around the equilibrium point. The objective is to obtain a global approximation of the system. 
In this case, if we select a sufficient number of points distributed in the región where it is required to obtain the approximation, then the matrix X g will be of a full rank and therefore, the solution becomes unique, which can be calculated as follows:
This first approximation can be utilized as reference parameters for all the subsystems. Then, the parameters' vector of the fuzzy model can be obtained minimizing: 
r\.r 2 -rn In this case, the factor y represents the degree of confidence of the parameters initially estimated. In a similar way to the previous case, different weight factors of yj 1 -'"' can be used to each one of the parameters py~l n > depending on the reliability of the initial parameter p°j in the specific rule.
, (¿l-¿«) where T is a diagonal matrix with the weight factor v " . It is not necessary to apply this process for all the parameters. If the valúes of some of them are known, they can be fixed beforehand or we (¿i-¿«) can assign them a weighting factor yj " ; comparatively high.
ITERATIVE PARAMETERS' IDENTIFICATION
The inconvenient feature of the aforementioned method is the amplification of the matrix X throughout the time, so that it becomes inappropriate to be used in real time applications as adaptive control for example. The solution is find an iterative method so that the dimensión of the calculation will not be augmented for each sample. As explained in detail in Section 3 that the solution developed in [1] to find the optimum membership functions is invalid when memberships are overlapping ones. In this section, we use an iterative method based on the extended Kalman filter to solve with this problem.
The Kalman filter
The Kalman filter is widely used for stochastic estimation. It is developed by Rudolph E. Kalman, through a recursive method for the discrete data linear filtering [40] . The Kalman filter is known to be optimum for linear systems with white process and measurement noises. It is assumed that the system is described by the foliowing sampled model:
where x (k) represents the state of the dynamic system, u (k) is the input vector and y (k) is the output vector. The vector v(k) represents the Gaussian-white noise of the system and e(k) is the measured Gaussian-white noise. Both of them are independent from each other with zero mean. The objective of the Kalman filter is to obtain an optimum estimation x(k) of the state x(k) from measurements of the input/output vectors. The covariance matrices are supposed to be known and are given as:
It is also assumed that the initial condition x (0) is a Gaussian distributed with
where E(.) is the expectation operator. It is supposed that x(k/k -\),u(k) and y(k) are known, and the objective is to estimate x(k + l/k). The prediction problem can be improved by introducing the difference between the measured and estimated outputs, (y(k) -Cx(k/k -1)) as a feedback gain:
The resultant prediction error is the difference between the state of the real system and the estimated one which can be stated as the following:
It should be observed that as the aforementioned Gaussian errors v(k) and e(k) are with zero mean, it can be verified that:
Thus, if e(0) (=>
And if the dynamics of (26) is stable, then:
The secondary objective is to minimize the covariance matrix which is denoted as P(k),
p(k) = E(( e -¿).( e -¿y)
in the sense that it approaches its minimum for:
The algorithm of the Kalman filter can be summarized by the following iterative process:
This process is initialized with x(0) = m 0 and P(0) = R 0 which have been initially estimated. The classic formulation of the Kalman filter can be complemented with an additional useful filtering process for certain applications.
Extended Kalman filter
The Kalman filter can also be used for state estimation of nonlinear systems. It is based on the same idea of the parameters' weighting method. For nonlinear systems, for example fuzzy systems, the Kalman filter cannot be applied directly; but if the nonlinearity of the system be sufficiently smooth, then we can linearize it about the current mean and covariance of the state estimation. This is called extended Kalman filter with white process and measurement noises. Derivations of the extended Kalman filter are widely available in the literature [41] . The extended Kalman filter can be considerad as a predictor-corrector type linear estimator obtained by the linearization of a nonlinear model at each time step. It is used to estímate the states and parameters of a nonlinear system through the measurements using a function of the linearized model with additive Gaussian white noise. The extended Kalman filter procedure consists of two steps: time update step and measurement update step. The time update step projects forward the current state and error covariance estimates to obtain the a priori estimates for the next time step. The measurement update step incorporales a new measurement into the a priori estímate to get an improved a posteriori estímate. In other words, the time update step is a model prediction and the measurement update step is a measurement correction.
In this section, we briefiy outline the algorithm and show how it can be applied to fuzzy system optimization. Consider a nonlinear discrete time system of the form:
In this case, the Jacobian matrices are those which represent the nonlinear systems:
óx Moreover, the prediction formula for the nonlinear case is the following:
It must be noted that in this case, the system matrices in this depend on both the state and input of the system in each instant. Thus, it becomes necessary the calculation of these matrices in each iteration of the algorithm.
The Kalman filter for parameters' estimation
One of the applications of the Kalman filter is the identification of parameters. Let us suppose that a function depends on q parameters p\, p 2 
The problem of the identification of parameters can be explained as a problem of estimation of the systems' states.
Then, if we have a set of m samples {x^, x 2 k, • • •, x n k,yk) of the function to be identified, the Kalman filter can be used with the following particularities. The matrix $> will be an identity matrix in this case. It is assumed a free system without an external input so the matrix T is nuil and the matrix C can be calculated as follows:
The matrices Ri y R\ 2 become nuil, whereas R2 is selected based on trial and error. If y e Dt and we suppose that R2 = I, which would correspond to Gaussians error functions N(0,1), and the function is a linear one, the algorithm becomes equivalent to the recursive minimum square one. The initial covariance state matrix is supposed to be P(0) = el, where C is a number relatively large with respect to the data of the problem. The formulation of the algorithm becomes:
Application ofthe Raiman fllter for the T-Sfuzzy model
To overeóme the problems caused by the inaecuracy of the model or changes of operating conditions, the process model has to be updated with appropriate parameter identification techniques [42] . In the light of control view points, the dynamic models for various model-based controllers involve state variables. However, in most cases, the full states are not available online for the state feedback control. If the states for the state feedback control are not available, then they should resort to state estimators. Motivated by the successful use of the Kalman filter for training neural networks [43] and for defuzzification strategies [44] , we can apply a similar method to the training of fuzzy systems. In general, we can view the identification of fuzzy systems as a weighted least-squares minimization problem, where the error vector is the difference between the fuzzy model outputs and the target valúes for those outputs. As mentioned previously, this algorithm cannot be applied directly for the identification of the fuzzy T-S models when the membership functions are overlapped by pairs. The proposed solution for its application is to combine it with a minimization of a weighting of the norm of the vector of parameters p. Let a function be represented as:
The optimum approximation of the function is searched by describing the function as a fuzzy system represented in the following form: 
S (h-in) . líXl j s M h and
In order to cast the fuzzy system identification problem in a form suitable for the Kalman filtering, we let the parameters of the rules constitute the state of a nonlinear system, and we consider the output of the fuzzy system as the output of the nonlinear system to which the Kalman filter is applied.
Nevertheless, if the membership are overlapped by pairs, it becomes impossible to apply this method directly to the system, because as mentioned in Section (3), the problem does not have a unique solution which leads to convergence problem of the algorithm. The solution presented here is equivalent to weighting of parameters approach explained in Section (4), which is characterized by extending the objective function by including a weighting of the norm of P vector. We propose to describe the problem as an optimum estimation of the state of the system.
where 8 is a relatively small positive number in order not to disturb the principal objective of the problem. It should be noted that the matrix C of the algorithm vary as follows:
C(p(k)) dp 81
It should be noticed that the function f is a linear one with respect to the parameters and therefore it can be calculated in a direct form as follows: 
Therefore, the Jacobian coincides with the row k of the matrix defined in Section (2).
9 dp \p=p{k) X k t^ ^• X)^-^-X) x nk ...^-^ ...^^x nk (38) 
And thus, the problem can be formulated as an estimation of the state of the linear system
p(k + l) = p(k) C(p(k)).p(k) + e(k)
(40) yk 8p 0 where
C(p(k)) --
The prediction formula in this case becomes:
)).p(k)
In order that this iterative method becomes equivalent to the noniterative one based on weighting of parameters mentioned in Section (4), we should taken into consideration that the factor y of the noniterative method weights the norm of the parameters in front of the quadratic sum of errors resulted for the modeling of samples. On the other hand, the factor weights the norm of parameters in front of each one of the errors of samples. If m is the number of used samples, then the equivalence is produced supposing that 8 = y/m and in general 8 « y should be fulfilled.
DESIGN OF AN OPTIMAL CONTROLLER
In order to show the effectiveness of the proposed estimation methods, a design of an optimal controller is carried out for a dynamic system whose model is of the following form:
Applying the proposed estimation method mentioned, the T-S model can be adjusted as follows:
The IF-THEN rules are as follows: The fuzzy system is described as:
The controller fuzzy rule is represented in a similar form: 
In order to design the control system, it will be supposed that the system can be modelled in closed-loop by substituting (43) in (41), assuming that the resultant error is negligible:
Modeling error of the feedback system
In this section, we will analyze the errors produced in the previous formulation. Consider the following first order mono variable system:
By modeling the system as a fuzzy one as we have explained in Section (2), we obtain: and so the resultant fuzzy system is,
x = Hi(x)(aio + ci\\X + h\u) + n 2 (x)(a 20 + a 2 ix + b 2 u)
Supposing that the controller to be designed has the following form: The fuzzy feedback controlled system becomes:
The modeling error of this formulation in comparison with the first one which was more accurate can be obtained by subtracting (51) from (49):
Because triangular overlapping membership functions are used, it can be confirmed that ¡i\ (x) + /¿200 = 1-By substituting this equation in (52), we get:
In order to analyze this error, we will compare the terms that correspond to the control part in (51)
and the resultant error obtained in (53) is:
we should observe that:
Thus, the weighting of the error term is always less than any other term of control. Moreover, as the membership functions are triangulares which verifies that ¡i\ (x)¡i 2 (x) ^ 0.25, whereas in the control action, there is always a term whose weighting valué is greater than 0.5.
On the other hand, if the distance between two defined models in two adjacent rules is very small, we can verify that,
bi Kib 2
It should be noted that the systems modelled by applying the T-S model are smooth without large variations between adjacent subsystems. Moreover, the identification with the methodology of parameters tuning penalizes the distance to the initial parameters of the system. Therefore this criterion is always fulfilled.
Furthermore, if equivalent citeria are used for the control design, the distance between the two controllers becomes small and it will verify:
we can then conclude that the modeling error resulted by applying (51) is very small with respect to the control effect; therefore, it can be considered negligible and thus we can use (51) for the design of the controller. In other words, each control rule can be designed in an individual way associated to the corresponding system rule. This result can be generalized in a similar manner to any system of any dimensión. It is interesting to note that if this formulation is correct, then the stability of the system will be ensured, because in general, it can set the valúes of the matrix K so that for any pair of desired valúes «0 = «10 + b\k\Q = £¡¡20 + b 2 k 2 Q ai = a n + bikn = a 2 
and therefore
Taking into account that overlapping triangular membership functions are used, it can be verified that:
then (58) becomes
And because a 0 , ai can be arbitrarily set, then the stability of the feedback system can be guaranteed.
Calculation ofthe affine term
The proposed methodology of design is based on the possibility to formúlate the feedback system as shown previously in (44) 
Firstly, the affine term of the control action is used to eliminate the affine term of the system:
and the feedback system is rewritten as follows:
State space feedback control based on the proposed estimation approach
In order to calcúlate the rest of the control coefficients, any control design methodology through state feedback control can be applied. By using the pole assignment method for example, the desired characteristics and the coincidence of all the subsystems (see Equation 62 ) can be achieved, ensuring the stability of the resulting feedback system, except for the errors discussed in Section (6.1) that can be considered negligible in this case. However, this methodology can lead to systems where the control action exceeds the allowed environment limits. Selecting closed loop pole with great negative real parts makes the dynamic response of the system to be quick, whereas the control effort to be greater than pemiissible levéis. If selection of the closed loop poles makes saturation of control signáis, dynamic behavior of the system will not be as same as the desired behavior even it may become unstable. Therefore, optimal selection of closed loop poles will lead to a trade-off between speed of dynamic response and control effort. Together with the proposed estimation method, the well-known linear quadratic regulator (LQR) method might be an appropriate choice. With this method, we lose the guarantee of stability, which needs to be analyzed a posteriori, gaining in return a balance between static and dynamic behavior of the system with admissible control actions. Q is a non-negative definite matrix which is called weighting matrix. On the other hand, Ris a. positive definite weighting matrix. Selection of valúes of these matrices determines the dynamic speed of the controller as well as amplitudes of state variables and control signáis. For example, if R is selected small, whereas Q is selected large, more stability will be attained with large control efforts. The system represented in state space form is:
The objective is to find the control action u(t) to transfer the system from any initial state x(t 0 ) to some final state x (oo) = 0 in an infinite time interval, minimizing a quadratic performance index of the form:
where Q e íft nxn is a symmetric matrix, at least positive semidefinite one and R e $i mxm is also a symetric positive definite matrix, and K is referred to as the state feedback gain matrix. The optimal control law is then computed as follows:
where the matrix L e íft nxn is a solution of the Riccati equation:
The design algorithm includes firstly, the cancelation of the affine term as explained in Section (6.2). Thus, each subsystem will be as follows:
The system is then represen ted in a state space form as: 
Secondly, the LQR methodology is applied for each subsystem using a common state weighting matrix Q and input matrix R for all the rules. Thus, the Riccati equation is solved for each subsystem as follows:
Then the the state feedback gain vector can be obtained from (63):
As the distance between two adjacent subsystems is small, it is expected that the distance between the corresponding matrices LC'!-1 ») w ill be small as well, and therefore, the same will occur for the distance between the corresponding state feedback matrices K^1 -ln) of the adjacent subsystems.
ILLUSTRATIVE EXAMPLE
In this section, the proposed estimation method and its application to the control design of the FC-LQR is illustrated by an example of an inverted pendulum. Consider the problem of stabilizing and balancing of swing up of an inverted pendulum (see Figure 2 ). The control of this system is a widely used performance measure of a controller, because this system is unstable and highly nonlinear. The objective is to maintain the inverted pendulum upright with 9 despite small disturbances because of wind or system noises.
The inverted pendulum can be represented as follows:
M+m where 9 denotes the angular position (in radians) deviated from the equilibrium position (vertical axis) of the pendulum and 9 is the angular velocity, g(gravity acceleration) = 9.8-^, M(mass) of the cart = 1 kg, m(mass) of the pole = 0.1 kg, 1 is the distance from the center of the mass (m) of the pole to the cart = 0.5 m.
Centre of grovtty Figure 2 . Inverted pendulum system.
Assuming that xi
9 and x 2 = 9, then (65) can be rewritten in state space form as follows: 
The aim is to move the pendulum to its unstable equilibrium position, that is, x\ = x 2 = u = 0 Firstly, the model of the inverted pendulum is estimated in three operation points for both the angle and its derivative. The universe of discourse of the angle is [-^, f ] rad, and one of the angular velocity is [-5,5] r -f^. Both membership functions for the angle x and its derivative x are shown seg in Figures 3-4 , respectively. If we apply the T-S method directly to this example, then the condition number of the matrix X is 3.4148e + 015, which shows clearly a nonreliable result. Using the parameters' weighting method with weighting factor y = 0.01, the inverted pendulum fuzzy model can be represented as follows: The resultant mean square error from this approximation is 0.0013. In this case, the condition number of the extended matrix X a becomes 1.4569e +004, thus improving the reliability of results.
By using the identification with the classical minimum square method in an interval cióse to the equilibrium point, The resultant linear model of the system in this interval is:
This approximation gives us an idea of the quantitative relation among various variables. Comparing these parameters with those obtained in the previous fuzzy model, it is evident that its valúes are, in general, far enough from its physical ones. Moreover, if we compare the parameters of various adjacent subsystems, it can clearly verify that they are quite different.
By applying the tuning of parameters method, taking as a reference, the parameters obtained through minimum square method with a weighting factor y = 0.001 * np, where np is the number of samples used in the identification, we obtain: 0.1642 + 15.0162*1 -0. which has a mean square error of 0.0332 greater than the previous one but with more physical relationship between variables. Nevertheless, as it can be seen that in this model a 2 , 2 = -0.0796, which does not fulfil an important characteristic of the existence of an unstable equilibrium point which is also the objective of control Xi = x 2 = u = 0. In order that this point becomes an equlibrium in the fuzzy model, a 2 , 2 should be zero. To achieve this target, we can either fix the valué of this parameter or assign it a very large weighting factor as explained in Section (4.2). In this case, a weighting factor of lOOy has been assigned to this parameter and finally the fuzzy model becomes: The minimum square error is 0.0333 which is slightly greater than that of the previous case but it represents the equilibrium point of the physical system, that is, a 2 , 2 = 0. It can be clearly noticed in this model that the distance between adjacent subsystem is relatively small.
For each subsystem defined in the previous rules, Thus, the resultant fuzzy optimal LQR is: It can also be noticed that the distance between the parameters of various adjacent control rules is relatively small. This in turn, strengths the hypothesis of designing a local control algorithm for each subsystem. Figure 5 shows the controlled system behavior from an initial condition [j l]'. To examine the robustness of the proposed controller, it has been subjected to successive disturbance effects of 5 o , -5 o , and 10° with respect to its equilibrium state as shown in Figure 6 . It is clearly shown that the inverted pendulum returns rapidly and smoothly to its equilibrium condition after applying each disturbance. Moreover, we have proven that the LQR is robust and invariant against measurement noise. If we suppose that the angle sensor introduces a noise of a = I o , it can be observed that the output is only affected by a = 0.04° as shown in Figure 7 . Figure 8 shows several trajectories in state space form of the system for several initial conditions. 
CONCLUSIONS
New efficient approaches have been presented to improve the local and global approximation of the T-S fuzzy model. The main problem of the T-S identification method is that it cannot be applied when the membership functions are overlapped by pairs. This restricts the use of the T-S method because this type of membership function has been widely used during the last 2 decades in the stability, controller design, and are popular in industrial control applications. The approaches developed here can be considered as a generalized versión of the T-S method with optimized performance in approximating nonlinear functions. We propose a noniterative method through weighting of parameters approach and an iterative algorithm by applying the extended Kalman filter based on the same idea of parameters' weighting. We show that the Kalman filter is an effective tool in the identification of the T-S fuzzy model. An FC based LQR has been proposed in order to show the effectiveness of the estimation method developed here in control applications. An illustrative example of an inverted pendulum has been chosen to evalúate the robustness and remarkable performance of the proposed method and the high accuracy obtained in approximating nonlinear and unstable systems locally and globally in comparison with the original T-S model. Simulation results have shown the potential, simplicity, and generality of the algorithm.
